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S-INTEGRAL POINTS OF

Pn − {2n+ 1 HYPERPLANES IN GENERAL POSITION}
OVER NUMBER FIELDS AND FUNCTION FIELDS

JULIE T.-Y. WANG

Abstract. For the number field case we will give an upper bound on the
number of the S-integral points in Pn(K) − {2n + 1 hyperplanes in general
position}. The main tool here is the explicit upper bound of the number of
solutions of S-unit equations (Invent. Math. 102 (1990), 95–107). For the
function field case we will give a bound on the height of the S-integral points in
Pn(K)− {2n+ 1 hyperplanes in general position}. We will also give a bound
for the number of “generators” of those S-integral points. The main tool here
is the S-unit Theorem by Brownawell and Masser (Proc. Cambridge Philos.
Soc. 100 (1986), 427–434).

1.0. Introduction—Number Fields

Let K be a number field of degree d. Denote by MK the set of valuations of K
and by M∞ the set of archimedean valuations of K. For each valuation v ∈ MK ,
denote by Kv the completion of K with respect to v and by nv = [Kv : Qv] the
local degree. Define an absolute value associated to an archimedean valuation v by

‖x‖v = |x| if Kv = R,
‖x‖v = |x|2 if Kv = C.

If v is non-archimedean, then v is an extension of a p-adic valuation on Q for some
prime p; the absolute value is defined so that

‖x‖v = |x|nvp
if x ∈ Q− {0}.

Let S be a finite subset of MK containing the set M∞. We call an element x ∈ K
an S-unit if

‖x‖v = 1 ∀ v /∈ S.
Let D be a very ample effective divisor on a projective variety V and let 1 =
x0, x1, ..., xN be a basis of the vector space:

L(D) = { f |f is a rational function on the variety V

such that f = 0 or (f) +D ≥ 0}.
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Then P → (x1(P ), ..., xN (P )) defines an embedding of V (K) − D into the affine
space KN . A point P of V (K) − D is said to be an S-integral point if ‖xi‖v ≤
1 ∀ v /∈ S and for 1 ≤ i ≤ N.

Recall that a hyperplane H in Pn(K) is represented by a vector α in Kn+1−{0}.
A set of hyperplanes {H1, ..., Hq} is said to be in general position if the set of
representing vectors {α1, ..., αq} has the property that any subset of no more than
n+ 1 elements is linearly independent over K.

Using Schmidt’s Subspace Theorem and Nochka weights, Ru and Wong succes-
fully proved that the S-integral points of Pn(K) − {2n+ 1 hyperplanes in general
position} are finite [R-W]. However, the bound of the number is not effectively
determined. After Schmidt and Schlickewei succeeded in giving a quantitive ver-
sion of the Subspace Theorem over number fields, Schlickewei obtained an upper
bound for the number of solutions of S-unit equations [Schl]. This upper bound
will be the main ingredient in our bound for the number of S-integral points in
Pn(K)− {2n+ 1 hyperplanes in general position}.

1.1. The Main Theorem—Number Fields

First we recall the following S-unit Theorem by Schlickewei [Schl]:

Theorem (Schlickewei). Let K be a number field of degree d. Let a1, ..., an be
nonzero elements of K. Suppose S is a finite subset of MK of cardinality s, con-
taining M∞. Then the equation

a1x1 + · · ·+ anxn = 1(1.1)

has no more than

(4sd!)236nd!s6(1.2)

solutions in S-units x1, ..., xn such that no proper subsum ai1xi1 + · · · + aimxim
vanishes.

Definition. Let y1, ..., ym be elements in a field L and y1 + · · · + ym = 1. Then
y1 + · · · + ym = 1 is an irreducible equation if no proper subsum yi1 + · · · + yik
vanishes.

It is clear that we have the following proposition:

Proposition 1.1. Let y1, ..., ym be elements in a field L. If y1 + · · ·+ym = 1, then
there exists a subsequence yi1 , ..., yik of y1, ..., ym such that yi1 + · · ·+ yik = 1 is an
irreducible equation.

Remark. There may exist more than one irreducible equation with respect to y1 +
· · · + ym = 1. However the number of irreducible equations with respect to y1 +
· · ·+ ym = 1 is clearly finite.

Main Theorem (Number Fields). Let K be a number field of degree d. Let

Li =
n∑
j=0

aijxj , 1 ≤ i ≤ q, be linear forms in Pn(K) and in general position.

Denote by Hi the corresponding hyperplane of Li. Suppose S is a finite subset of
MK of cardinality s, containing M∞ and the smallest subset of nonarchimedean
places v such that every nonzero coefficient aij of those q linear forms is an S-unit.
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If q ≥ 2n+1, then the number of S-integral points in Pn(K)−{
⋃q
i=1Hi} is bounded

by

(4sd!)n236n(n+1)d!s6 .(1.3)

Proposition 1.2. Let S and the Li, Hi be as in the Main Theorem. If (x0, ..., xn)
is an S-integral point in Pn(K)− {

⋃q
i=1Hi}, then

‖Li(x0, ..., xn)‖v = max
0≤j≤n

{‖xj‖v} ∀ 1 ≤ i ≤ q and ∀ v /∈ S.

Proof. Let X0, ..., Xn be the coordinates of Pn(K). Then Xq0
Πqi=1Li(X)

, . . . ,
Xqn

Πqi=1Li(X)
,

are elements of L(
⋃q
i=1Hi) and are linearly independent. Therefore we can choose

an embedding of Pn(K)− {
⋃q
i=1 Hi} into an affine space as follows:

(
Xq

0∏q
i=1 Li(X)

, . . . ,
Xq
n∏q

i=1 Li(X)
, . . . ).(1.4)

Let li := Li(x0, ..., xn). If (x0, ..., xn) is an S-integral point in Pn(K)− {
⋃q
i=1Hi},

then

‖
xqj∏q
i=1 li

‖v ≤ 1, ∀ v /∈ S.(1.5)

Therefore

max
0≤j≤n

{‖xj‖v}q ≤
q∏
i=1

‖li‖v, ∀ v /∈ S.(1.6)

On the other hand, li =
∑n
j=0 aijxj , where aij ’s are S-units. Therefore

‖li‖v ≤ max
0≤j≤n

{‖xj‖v}, ∀ v /∈ S.(1.7)

(1.6) and (1.7) imply that

‖li‖v = max
0≤j≤n

{‖xj‖v}, ∀ v /∈ S and ∀ 1 ≤ i ≤ q.(1.8)

This completes the proof.

Proposition 1.3. (a) Let L1, ..., Ln+1 be linear forms in Pn(K) and in general
position. Let (x0, ..., xn) ∈ Pn(K) and li = Li(x0, ..., xn). Then there exist unique

b1, ..., bn+1 in K such that xj =
n+1∑
i=1

bili.

(b) Let L1, ..., Ln+2 be linear forms in Pn(K) and in general position. Then there
exist non-zero elements D1, ..., Dn+2 in K such that

D1L1(X) + · · ·+Dn+2Ln+2(X) = 0.(1.9)

Proof. (a) This is because that L1, ..., Ln+1 are in general position.

(b) Suppose Li(X) =
n∑
j=0

aijXj , 1 ≤ i ≤ n+ 2. Let

4 =

 a10 . . . a1n

...
. . .

...
an+2,0 . . . an+2,n

 .

Let 4i be the determinant of the matrix obtained by deleting the i-th row from
4. Since L1, ..., Ln+2 are in general position, 4i 6= 0 for 1 ≤ i ≤ n+ 2. Since the
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determinant of the matrix obtained from inserting the column (a1i, ..., an+2,i)
t to

the matrix 4 is 0, we have the following equation:

0 =

∣∣∣∣∣∣∣
a1i a10 . . . a1i . . . a1n

...
. . .

...
. . .

...
...

an+2,i an+2,0 . . . an+2,i . . . an+2,n

∣∣∣∣∣∣∣
= a1i41 + (−1)a2i42 + · · ·+ (−1)n+1an+2,i4n+2.

(1.10)

Proof of the Main Theorem. If (x0, ..., xn) is an S-integral point in Pn(K)−
{
⋃q
i=1 Hi}, then li

l1
is an S-unit, for 1 ≤ i ≤ q, where li = Li(x0, ..., xn). Let I =

{i0, ..., in} be an index subset in {2, ..., q}. By Proposition 1.3.b, there exist non-
zero elements cIij , 0 ≤ j ≤ n, which depend only on the coefficients of L1, Li0 , ..., Lin
such that

L1(X) + cIi0Li0(X) + · · ·+ cIinLin(X) = 0.

Therefore

1 + cIi0
li0
l1

+ · · ·+ cIin
lin
l1

= 0.(1.11)

If no proper subsum of (1.11) vanishes, then by the S-unit Theorem of number

fields the number of solutions of (
li0
l1
, . . . ,

lin
l1

) is less than

(4sd!)236(n+1)d!s6 .

Since the xi can be written uniquely as a linear combination of {li0 , ..., lin}, the
xi
l1

can be written uniquely as a linear combination of { li0l1 , ...,
lin
l1
}. Therefore the

number of S-integral points (x0, ..., xn) = (x0

l1
, ..., xnl1 ) in Pn(K) − {

⋃q
i=1 Hi} is no

more than

(4sd!)236(n+1)d!s6 .(1.12)

It then suffices to consider the case that for some index subset I = {i0, ..., in}
in {2, ..., q}, some proper subsums of (1.11) vanish. By Proposition 1.1, there exist
some irreducible equations in the following form:

−cIj0
lj0
l1
− · · · − cIjk

ljk
l1

= 1,(1.13)

where I = {i0, ..., in} is an index subset of {2, ..., q} and {j0, ..., jk} is an index
subset of {i0, ..., in}. There are only finitely many such irreducible equations in
total. Let Tx be the subset of {L1, ..., Lq} with the following property:

Li ∈ Tx if and only if
li
l1

appears in one of the irreducible equations in (1.13).

(1.14)

Rearranging the order of the linear forms, we may assume

Tx = {L1, ..., Lu}.
If u < n+ 1, by Proposition 1.3.b there exist cIi , n+ 1 ≤ i ≤ 2n+ 1, such that

L1(X) + cIn+1Ln+1(X) + · · ·+ cI2n+1L2n+1(X) = 0.

Since Ln+1, ..., L2n+1 /∈ Tx, no proper subsum of cIn+1
ln+1

l1
+ · · · + cI2n+1

l2n+1

l1
van-

ishes. This is the previous case, which has already been treated.
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If u = n+ 1, then Ln+2, ..., L2n+1 /∈ Tx. Again we have the following equations:

L1(X) + cIii Li(X) + cIin+2Ln+2(X) + · · ·+ cIi2n+1L2n+1(X) = 0, 2 ≤ i ≤ n+ 1.

Since Ln+2, ..., L2n+1 /∈ Tx and we only need to consider the case that some proper
subsum of

−cIii
li
l1
− cIin+2

ln+2

l1
− · · · − cIi2n+1

l2n+1

l1
= 1, 2 ≤ i ≤ n+ 1,(1.15)

vanishes, the only possible irreducible equations for (1.15) are

−cIii
li
l1

= 1, 2 ≤ i ≤ n+ 1.(1.16)

Therefore

li
l1

= − 1

cIii
, 2 ≤ i ≤ n+ 1.(1.17)

Since the cIii are uniquely determined by {L1, Li, Ln+2, ..., L2n+1}, li
l1

is uniquely

determined. Again the xi are uniquely determined by {l1, l2, ..., ln+1}, therefore the
number of S-integral points (x0, ..., xn) = (x0

l1
, ..., xnl1 ) is

1.(1.18)

If u > n + 1, then each li
l1
, 1 ≤ i ≤ n + 1, is contained in one of the irreducible

equations in (1.13). We may assume that we have the following irreducible equations
for each 1 ≤ i ≤ n+ 1.

−ci
li
l1
− ci2

li2
l1
− · · · − ciji

liji
l1

= 1, 1 ≤ i ≤ n+ 1, 0 ≤ ji ≤ n− 2.(1.19)

Since no proper subsum of (1.19) vanishes, the number of solutions ( lil1 ,
li2
l1
, ...,

liji
l1

)

of (1.19) is no more than

(4sd!)236(n−1)d!s6 .

Therefore the number of li
l1

is bounded by

(4sd!)236(n−1)d!s6 .(1.20)

The number of S-integral points (x0, ..., xn) in Pn(K)− {
⋃q
i=1 Hi}, which is equal

to the number of (1, l2l1 , ...,
ln+1

l1
) is therefore bounded by

(4sd!)n236n(n−1)d!s6 .(1.21)

(1.12), (1.18), (1.21) imply that the number of S-integral points in Pn(K)−{
⋃q
i=1Hi}

is no more than

(4sd!)n236n(n+1)d!s6 .(1.22)
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2.0. Introduction—Function Fields

Let K be the function field of an irreducible projective algebraic curve C of genus
g defined over an algebraically closed field k. Assume that the characteristic of k
is 0. If P ∈ C we denote by vP the valuation of K associated to P . For elements
f0, ..., fn of K, not all zeros, we define the height as

h(f0, ..., fn) :=
∑
P∈C
−min{vP (f0), ..., vP (fn)}.(2.1)

For an element f of K we define the height as

h(f) :=
∑
P∈C
−min{0, vP (f)}.(2.2)

Let S be a finite set of points of C. An element f ∈ K is said to be an S-unit

if vP (f) = 0 for all P /∈ S. Let Li =
n∑
j=0

aijXj , where aij ∈ K and 1 ≤ i ≤ q.

Suppose that q ≥ 2n + 1 and that L1, ..., Lq are in general position. When the
coefficients of these linear forms are in the constant field k, we have the following
theorem in [Wa]:

Theorem (Wang). Suppose L1, ..., Lq are as stated above and with coefficients
in k. Let Hi, 1 ≤ i ≤ q, be the hyperplane corresponding to Li. If q ≥ 2n +
1, then the height of the S-integral points of Pn(K) − {

⋃q
i=1 Hi} is bounded by

n(n+1)
2 max{0, 2g−2+|S|}. Furthermore, there exist finitely many sets of {η0,...,ηn}

in K, which can be effectively determined such that the S-integral points of Pn(K)−
{
⋃q
i=1 Hi} are uniquely determined by η0, ..., ηn.

The proof of this theorem basically follows from the Truncated Second Main
Theorem and Nochka weights. Therefore it is similar to [R-W].

For the rest of the paper, we will consider the case when the coefficients of the
linear forms are non-constants. The proof is basically the same as the proof for
number fields. Therefore when there is no confusion we will use the results and
definitions from Section 1.0 and Section 1.1 directly.

2.1. The Main Theorem–Function Fields

We recall the following S-unit Theorem from [B-M]:

Theorem (Brownawell-Masser). Let S be a finite set of points of C. If f0, ..., fn
are S-units and f0 + · · ·+ fn = 1, then either some proper subsum of f0 + · · ·+ fn
vanishes or

h(f0, ..., fn) ≤ n(n+ 1)

2
max{0, 2g − 2 + |S|}.(2.3)

Let Li =
n∑
j=0

aijXj where aij ∈ K and 1 ≤ i ≤ q. Suppose q ≥ 2n + 1 and

L1, ..., Lq are in general position. Let I = {i1, ..., in+2} be an index subset of
{1, ..., q} and

4I =

 ai1,0 . . . ai1,n
...

. . .
...

ain+2,0 . . . ain+2,n

 .
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Let 4Iij be the determinant of the matrix obtained by deleting the j-th row from

4I . Then by equation (1.10) we have

4Ii1Li1(X) + (−1)4Ii2Li2(X) + · · ·+ (−1)n+14in+2Lin+2(X) = 0.(2.4)

Main Theorem (Function Fields). Let Li =
n∑
j=0

aijXj, where aij ∈ K and

1 ≤ i ≤ q. Let S be a finite set of points in C such that all the non-zero coefficients
of those linear forms and all 4Iij as we defined above are S-units. If q ≥ 2n+1 and

L1, ..., Lq are in general position, then the height of the S-integral points (f0, ..., fn)
of Pn(K)− {

⋃q
i=1 Hi} is bounded by

(n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) +
n2(n+ 1)

2
max{0, 2g − 2 + |S|}.

Furthermore, there exist finitely many sets of {η0, ..., ηn} in K, which can be effec-
tively determined and the number of such sets (up to constant factors) is bounded
by

[n(n+ 1) max{0, 2g − 2 + |S|}+ 1](n+1)|S|

such that the S-integral points of Pn(K) − {
⋃q
i=1 Hi} are uniquely determined by

η0, ..., ηn.

Proposition 2.1. Let H be a positive integer. Then (up to constant factors) the
number of S-units f in K with h(f) ≤ H is at most

(2H + 1)|S|.(2.5)

Proof. Since f is an S-unit and h(f) ≤ H,

|vP (f)| ≤ B, if P ∈ S,

vP (f) = 0, if P /∈ S.

Also if f , g are non-zero elements of K and vP (f) = vP (g) for all P ∈ C, then
f
g ∈ k. The proposition is therefore clear.

Proof of the Main Theorem. If (x0,..., xn) is an S-integal point in Pn(K)−{
⋃q
i=1Hi},

then li
l1

is an S-unit, for 1 ≤ i ≤ q, where li = Li(x0, ..., xn). Let I = {i0, ..., in} be

an index subset in {2, ..., q}. By Proposition 1.3.b, there exist non-zero elements

cIij = ±
4Iij
4I1

, 0 ≤ j ≤ n, such that

L1(X) + cIi0Li0(X) + · · ·+ cIinLin(X) = 0.

Therefore

−cIi0
li0
l1
− · · · − cIin

lin
l1

= 1.(2.6)

If no proper subsum of (2.6) vanishes, then, by the S-unit Theorem for function
fields,

h(cIi0
li0
l1
, . . . , cIin

lin
l1

) ≤ n(n+ 1)

2
max{0, 2g − 2 + |S|}.(2.7)
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Since cIi0
li0
l1

+ · · ·+ cIin
lin
l1

= −1,

h(cIij
lij
l1

) ≤ h(cIi0
li0
l1
, . . . , cIin

lin
l1

) for 0 ≤ j ≤ n.(2.8)

From (2.8) and Proposition 2.1, we see the number of solutions
lij
l1

, which is equal

to the number of solutions (up to constant factors) cIij
lij
l1

is no more than

[n(n+ 1) max{0, 2g − 2 + |S|}+ 1]|S|.(2.9)

Let

AI = (amij )0≤m,j≤n,(2.10)

where the amij ’s are the coefficients of the linear forms. Let BI be the inverse

matrix of AI . Then the mj-th component of BI is equal to

(−1)m+j 1

detAI
detAIjm,(2.11)

where AIjm is the n×n matrix obtained from AI by deleting the j-th row and m-th
column. Then

fm =
n∑
j=0

(−1)m+j 1

detAI
detAIjmlij , 0 ≤ m ≤ n.(2.12)

Therefore
fj
i1

can be expressed uniquely as a linear combination of { li0l1 , ...,
lin
l1
}, and

the number (up to constant factors) of possible { li0l1 , ...,
lin
l1
}, which is equal to the

number (up to constant factors) of {cIi0
li0
l1
, ..., cIin

lin
l1
}, is no more than

[n(n+ 1) max{0, 2g − 2 + |S|}+ 1](n+1)|S|.(2.13)

Furthermore, by (2.12) we have

h(f0, ..., fn) = h(
detAI

l1
f0, ...,

detAI

l1
fn)

= h(
n∑
j=0

(−1)j detAIj0
lij
l1
, ...,

n∑
j=0

(−1)j+n detAIjn
lij
l1

)

≤ h(detAI00, ..., detAIji, ..., detAInn)

+ h(
1

ci0
, ...,

1

cin
) + h(ci0

li0
l1
, ..., cin

lin
l1

).

(2.14)

The determinant of AIjm can be written down explicitly,

detAIjm =
∑
σjm

ε(σjm)
∏
u6=j

1≤w≤n

aσjm(w),iu ,(2.15)
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where the sum is taken over all permutations σjm of {0, 1, ..., j−1, j+1, ..., n}, and
ε(σjm) is the sign of the permutation. (See [La 2], XIII Proposition 4.6.) Therefore

vP (detAIjm) ≥ min
σjm
{vP (

∏
u6=j

1≤w≤n

aσjm(w),iu)}

≥ n min
1≤i≤q
0≤j≤n

min{0, vP (aij)}

≥ n
q∑
i=1

n∑
j=0

min{0, vP (aij)}.

(2.16)

Therefore

h(detAI00, ..., detAIji, ..., detAInn) ≤ n
q∑
i=1

n∑
j=0

h(aij).(2.17)

Since cIij =
4Iij
4I1

up to sign, using the same argument, we can obtain

h(
1

ci0
, ...,

1

cin
) = h(

1

4Ii0
, ...,

1

4Iin
)

= h(
∏
j 6=0

4Iij , ...,
∏
j 6=n
4Iij )

≤ n(n+ 1)

q∑
i=1

n∑
j=0

h(aij).

(2.18)

(2.7), (2.14), (2.17), and (2.18) imply that

h(f0, ..., fn) ≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) +
n(n+ 1)

2
max{0, 2g − 2 + |S|}.(2.19)

The case is therefore complete.
It then suffices to consider the case that for any index subset I = {i0, ..., in}

in {2, ..., q}, some proper subsums of (2.6) vanish. By Proposition 1.1, for any
{Li0 , ..., Lin} there exist some irreducible equations in the following form:

−cIj0
lj0
l1
− · · · − cIjk

ljk
l1

= 1,(2.20)

where {i0, ..., in} is an index subset of {2, ..., q} and {j0, ..., jk} is an index subset
of {i0, ..., in}. There are only finitely many such irreducible equations in total. Let
Tf be the subset of {L1, ..., Lq} with the following property:

Li ∈ Tf if and only if
li
l1

appears in one of the irreducible equations in (2.20).

(2.21)

Rearranging the order of the linear forms, we may assume

Tf = {L1, ..., Lu}.
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As in the proof of the number field case, we only have to consider when u ≥ n+ 1.
If u = n+ 1, the same proof goes through and

li
l1

= − 1

cIii
, 2 ≤ i ≤ n+ 1.

Therefore in this case the number of S-integral points (f0, ..., fn) in Pn(K) −
{
⋃q
i=1 Hi} is

1.(2.22)

Moreover, together with (2.14), (2.17) and (2.18) we get

h(f0, ..., fn) ≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij).(2.23)

If u > n + 1, then each li
l1
, 1 ≤ i ≤ n + 1, is contained in one of the irreducible

equations in (2.20). We may assume that we have the following irreducible equations
for each 2 ≤ i ≤ n+ 1.

−ci
li
l1
− ci2

li2
l1
− · · · − ciji

liji
l1

= 1, 1 ≤ i ≤ n+ 1, 2 ≤ ji ≤ n− 1.(2.24)

Since no proper subsum of (2.24) vanishes,

h(ci
li
l1

) ≤ n(n− 1)

2
max{0, 2g − 2 + |S|}.(2.25)

Therefore the number of li
l1

(up to constant factors) is bounded by

[n(n− 1) max{0, 2g − 2 + |S|}+ 1]|S|.

Therefore the number of S-integral points (f0, ..., fn) in Pn(K)−{
⋃q
i=1 Hi}, which

is equal to the number of (1, l2l1 , ...,
ln+1

l1
), is bounded by

[n(n− 1) max{0, 2g − 2 + |S|}+ 1]n|S|.(2.26)

Furthermore, if I = {1, 2, ..., n+ 1}, by (2.14), (2.17), (2.18) and (2.25)

h(f0, ..., fn)

≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) + h(1, c2
l2
l1
, ..., cn+1

ln+1

l1
)

≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) +
n+1∑
i=2

(h(ci
li
l1

))

≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) +
n2(n− 1)

2
max{0, 2g − 2 + |S|}.

(2.27)

By (2.19), (2.23), and (2.27),

h(f0, ..., fn) ≤ (n2 + 2n)

q∑
i=1

n∑
j=0

h(aij) +
n2(n+ 1)

2
max{0, 2g − 2 + |S|}.(2.28)
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From (2.12), (2.13), (2.22), and (2.26), we see that we can find {li0 , ..., lin} effectively
such that the fi can be expressed uniquely as a linear combination of this set, and
the number (up to constant factors) of the sets {li0 , ..., lin} is bounded by

[n(n+ 1) max{0, 2g − 2 + |S|}+ 1](n+1)|S|.(2.29)
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